In this study, two-state Markov switching multinomial logit models are proposed for statistical modeling of accident injury severities. These models assume Markov switching in time between two unobserved states of roadway safety. The states are distinct, in the sense that in different states accident severity outcomes are generated by separate multinomial logit processes. To demonstrate the applicability of the approach presented herein, two-state Markov switching multinomial logit models are estimated for severity outcomes of accidents occurring on Indiana roads over a four-year time interval. Bayesian inference methods and Markov Chain Monte Carlo (MCMC) simulations are used for model estimation. The estimated Markov switching models result in a superior statistical fit relative to the standard (singlestate) multinomial logit models. It is found that the more frequent state of roadway safety is correlated with better weather conditions. The less frequent state is found to be correlated with adverse weather conditions.
Introduction
Vehicle accidents result in property damage, injuries and loss of people lives. Thus, research efforts in predicting accident severity are clearly very important. In the past there has been a large number of studies that focused on modeling accident severity outcomes. Common modeling approaches of accident severity include multinomial logit models, nested logit models, mixed logit models and ordered probit models (O'Donnell and Connor, 1996; Duncan et al., 1998; Chang and Mannering, 1999; Carson and Mannering, 2001; Khattak, 2001; Khattak et al., 2002; Kockelman and Kweon, 2002; Lee and Mannering, 2002; Abdel-Aty, 2003; Kweon and Kockelman, 2003; Ulfarsson and Mannering, 2004; Yamamoto and Shankar, 2004; Khorashadi et al., 2005; Eluru and Bhat, 2007; Savolainen and Mannering, 2007; Milton et al., 2008) . All these models involve nonlinear regression of the observed accident injury severity outcomes on various accident characteristics and related factors (such as roadway and driver characteristics, environmental factors, etc).
In our earlier paper, Malyshkina et al. (2008) , which we will refer to as Paper I, we presented two-state Markov switching count data models of accident frequencies. In this study, which is a continuation of our work on Markov switching models, we present two-state Markov switching multinomial logit models for predicting accident severity outcomes. These models assume that there are two unobserved states of roadway safety, roadway entities (roadway segments) can switch between these states over time, and the switching process is Markovian. The two states intend to account for possible heterogeneity effects in roadway safety, which may be caused by various unpredictable, unidentified, unobservable risk factors that influence roadway safety. Because the risk factors can interact and change, roadway entities can switch between the two states over time. Two-state Markov switching multinomial logit models assume separate multinomial logit processes for accident severity data generation in the two states and, therefore, allow a researcher to study the heterogeneity effects in roadway safety.
Model specification
Markov switching models are parametric and can be fully specified by a likelihood function f (Y|Θ, M), which is the conditional probability distribution of the vector of all observations Y, given the vector of all parameters Θ of model M. First, let us consider Y. Let N t be the number of accidents observed during time period t, where t = 1, 2, . . . , T and T is the total number of time periods. Let there be I discrete outcomes observed for accident severity (for example, I = 3 and these outcomes are fatality, injury and property damage only). Let us introduce accident severity outcome dummies δ (i) t,n that are equal to unity if the i th severity outcome is observed in the n th accident that occurs during time period t, and to zero otherwise. Here i = 1, 2, . . . , I, n = 1, 2, . . . , N t and t = 1, 2, . . . , T . Then, our observations are the accident severity outcomes, and the vector of all observations Y = {δ (i) t,n } includes all outcomes observed in all accidents that occur during all time periods. Second, let us consider model specification variable M. It is M = {M, X t,n } and includes the model's name M (for example, M = "multinomial logit") and the vector X t,n of all accident characteristic variables (weather and environment conditions, vehicle and driver characteristics, roadway and pavement properties, and so on).
To define the likelihood function, we first introduce an unobserved (latent) state variable s t , which determines the state of all roadway entities during time period t. At each t, the state variable s t can assume only two values: s t = 0 corresponds to one state and s t = 1 corresponds to the other state (t = 1, 2, . . . , T ). The state variable s t is assumed to follow a stationary two-state Markov chain process in time, 1 which can be specified by time-independent transition probabilities as P (s t+1 = 1|s t = 0) = p 0→1 , P (s t+1 = 0|s t = 1) = p 1→0 .
(
Here, for example, P (s t+1 = 1|s t = 0) is the conditional probability of s t+1 = 1 at time t + 1, given that s t = 0 at time t. Transition probabilities p 0→1 and p 1→0 are unknown parameters to be estimated from accident severity data. The stationary unconditional probabilities of states s t = 0 and s t = 1 arē
2 Without loss of generality, we assume that (on average) state s t = 0 occurs more or equally frequently than state s t = 1. Therefore,p 0 ≥p 1 , and we obtain restriction
We refer to states s t = 0 and s t = 1 as "more frequent" and "less frequent" states respectively.
Next, a two-state Markov switching multinomial logit (MSML) model assumes multinomial logit (ML) data-generating processes for accident severity in each of the two states. With this, the probability of the i th severity outcome observed in the n th accident during time period t is 1 Markov property means that the probability distribution of s t+1 depends only on the value s t at time t, but not on the previous history s t−1 , s t−2 , . . .. Stationarity of {s t } is in the statistical sense. 2 These can be found from stationarity conditionsp
3 Without any loss of generality, restriction (2) is introduced for the purpose of avoiding the problem of state label switching 0 ↔ 1. This problem would otherwise arise because of the symmetry of Eqs.
(1)-(4) under the label switching.
i = 1, 2, . . . , I, n = 1, 2, . . . , N t , t = 1, 2, . . . , T,
Here prime means transpose (so β ′ (0),i is the transpose of β (0),i ). Parameter vectors β (0),i and β (1),i are unknown estimable parameters of the two standard multinomial logit probability mass functions (Washington et al., 2003) in the two states, s t = 0 and s t = 1 respectively. We set the first component of X t,n to unity, and, therefore, the first components of vectors β (0),i and β (1),i are the intercepts in the two states. In addition, without loss of generality, we set all β-parameters for the last severity outcome to zero, 4 β (0),I = β (1),I = 0.
If accident events are assumed to be independent, the likelihood function is
Here, because the state variables s t,n are unobservable, the vector of all estimable parameters Θ must include all states, in addition to model parameters (β-s) and transition probabilities. Thus, Θ = [β 
Model estimation methods
Statistical estimation of Markov switching models is complicated by unobservability of the state variables s t .
5 As a result, the traditional maximum likelihood estimation (MLE) procedure is of very limited use for Markov switching models. Instead, a Bayesian inference approach is used. Given a model M with likelihood function f (Y|Θ, M), the Bayes formula is
Here f (Θ|Y, M) is the posterior probability distribution of model parameters Θ conditional on the observed data Y and model
is the joint probability distribution of Y and Θ given model M. Function f (Y|M) is the marginal likelihood function -the probability distribution of data Y given model M. Function π(Θ|M) is the prior probability distribution of parameters that reflects prior knowledge about Θ. The intuition behind Eq. (5) is straightforward: given model M, the posterior distribution accounts for both the observations Y and our prior knowledge of Θ.
In our study (and in most practical studies), the direct application of Eq. (5) is not feasible because the parameter vector Θ contains too many components, making integration over Θ in Eq. (5) extremely difficult. However, the posterior distribution f (Θ|Y, M) in Eq. (5) is known up to its normalization con-
As a result, we use Markov Chain Monte Carlo (MCMC) simulations, which provide a convenient and practical computational methodology for sampling from a probability distribution known up to a constant (the posterior distribution in our case). Given a large enough posterior sample of parameter vector Θ, any posterior expectation and variance can be found and Bayesian inference can be readily applied. A reader interested in details is referred to our Paper I or to Malyshkina (2008) , where we describe our choice of the prior distribution π(Θ|M) and the MCMC simulation algorithm. 6 Although, in this study we estimate a two-state Markov switching multinomial logit model for accident severity outcomes and in Paper I we estimated a two-state Markov switching negative binomial model for accident frequencies, this difference is not essential for the Bayesian-MCMC model estimation methods. In fact, the main difference is in the likelihood function (multinomial logit as opposed to negative binomial). So we used the same our own numerical MCMC code, written in the MATLAB programming language, for model estimation in both studies. We tested our code on artificial data sets of accident severity outcomes. The test procedure included a generation of artificial data with a known model. Then these data were used to estimate the underlying model by means of our simulation code. With this procedure we found that the MSML models, used to generate the artificial data, were reproduced successfully with our estimation code.
For comparison of different models we use a formal Bayesian approach. Let there be two models M 1 and M 2 with parameter vectors Θ 1 and Θ 2 respectively. Assuming that we have equal preferences of these models, their prior probabilities are π(M 1 ) = π(M 2 ) = 1/2. In this case, the ratio of the models' posterior probabilities, P (M 1 |Y) and P (M 2 |Y), is equal to the Bayes factor. The later is defined as the ratio of the models' marginal likelihoods (see Kass and Raftery, 1995) . Thus, we have
where f (M 1 , Y) and f (M 2 , Y) are the joint distributions of the models and the data, f (Y) is the unconditional distribution of the data. As in Paper I, to calculate the marginal likelihoods f (Y|M 1 ) and f (Y|M 2 ), we use the harmonic mean formula f (Y|M)
, where E(. . . |Y) means posterior expectation calculated by using the posterior distribution. If the ratio in Eq. (6) is larger than one, then model M 2 is favored, if the ratio is less than one, then model M 1 is favored. An advantage of the use of Bayes factors is that it has an inherent penalty for including too many parameters in the model and guards against overfitting.
To evaluate the performance of model {M, Θ} in fitting the observed data Y, we carry out the Pearson's χ 2 goodness-of-fit test (Maher and Summersgill, 1996; Cowan, 1998; Wood, 2002; Press et al., 2007) . We perform this test by Monte Carlo simulations to find the distribution of the Pearson's χ 2 quantity, which measures the discrepancy between the observations and the model predictions (Cowan, 1998) . This distribution is then used to find the goodnessof-fit p-value, which is the probability that χ 2 exceeds the observed value of χ 2 under the hypothesis that the model is true (the observed value of χ 2 is calculated by using the observed data Y). For additional details, please see Malyshkina (2008) .
Empirical results
The severity outcome of an accident is determined by the injury level sustained by the most injured individual (if any) involved into the accident. In this study we consider three accident severity outcomes: "fatality", "injury" and "PDO (property damage only)", which we number as i = 1, 2, 3 respectively (I = 3). We use data from 811720 accidents that were observed in Indiana in 2003-2006. As in Paper I, we use weekly time periods, t = 1, 2, 3, . . . , T = 208 in total. Thus, the state s t can change every week. To increase the predictive power of our models, we consider accidents separately for each combination of accident type (1-vehicle and 2-vehicle) and roadway class (interstate highways, US routes, state routes, county roads, streets). We do not consider accidents with more than two vehicles involved.
8 Thus, in total, there are ten roadway-classaccident-type combinations that we consider. For each roadway-class-accident-type combination the following three types of accident frequency models are estimated:
• First, we estimate a standard multinomial logit (ML) model without Markov switching by maximum likelihood estimation (MLE). 9 We refer to this model as "ML-by-MLE".
• Second, we estimate the same standard multinomial logit model by the Bayesian inference approach and the MCMC simulations. We refer to this model as "ML-by-MCMC". As one expects, the estimated ML-by-MCMC model turned out to be very similar to the corresponding ML-by-MLE model (estimated for the same roadway-class-accident-type combination).
• Third, we estimate a two-state Markov switching multinomial logit (MSML) model by the Bayesian-MCMC methods. In order to make comparison of explanatory variable effects in different models straightforward, in the MSML model we use only those explanatory variables that enter the corresponding standard ML model. 10 To obtain the final MSML model reported here, we also consecutively construct and use 60%, 85% and 95% Bayesian credible intervals for evaluation of the statistical significance of each β-parameter. As a result, in the final model some components of β (0) and β (1) are restricted to zero or restricted to be the same in the two states.
11 We refer to this final model as "MSML".
Note that the two states, and thus the MSML models, do not have to exist for every roadway-class-accident-type combination. For example, they will not exist if all estimated model parameters turn out to be statistically the same in the two states, β (0) = β (1) , (which suggests the two states are identical and the MSML models reduce to the corresponding standard ML models). Also, the two states will not exist if all estimated state variables s t turn out to be close to zero, resulting in p 0→1 ≪ p 1→0 [compare to Eq. (2)], then the less 9 To obtain parsimonious standard models, estimated by MLE, we choose the explanatory variables and their dummies by using the Akaike Information Criterion (AIC) and the 5% statistical significance level for the two-tailed t-test. Minimization of AIC = 2K − 2LL, were K is the number of free continuous model parameters and LL is the log-likelihood, ensures an optimal choice of explanatory variables in a model and avoids overfitting (Tsay, 2002; Washington et al., 2003) . For details on variable selection, see Malyshkina (2006) . 10 A formal Bayesian approach to model variable selection is based on evaluation of model's marginal likelihood and the Bayes factor (6). Unfortunately, because MCMC simulations are computationally expensive, evaluation of marginal likelihoods for a large number of trial models is not feasible in our study. 11 A β-parameter is restricted to zero if it is statistically insignificant. A β-parameter is restricted to be the same in the two states if the difference of its values in the two states is statistically insignificant. A (1 − a) credible interval is chosen in such way that the posterior probabilities of being below and above it are both equal to a/2 (we use significance levels a = 40%, 15%, 5%).
frequent state s t = 1 is not realized and the process stays in state s t = 0.
Turning to the estimation results, the findings show that two states of roadway safety and the appropriate MSML models exist for severity outcomes of 1-vehicle accidents occurring on all roadway classes (interstate highways, US routes, state routes, county roads, streets), and for severity outcomes of 2-vehicle accidents occurring on streets. We did not find two states in the cases of 2-vehicle accidents on interstate highways, US routes, state routes and county roads (in these cases all estimated state variables s t were found to be close to zero). The model estimation results for severity outcomes of 1-vehicle accidents occurring on interstate highways, US routes and state routes are given in Tables 1-3. All continuous model parameters (β-s, p 0→1 and p 1→0 ) are given together with their 95% confidence intervals (if MLE) or 95% credible intervals (if Bayesian-MCMC), refer to the superscript and subscript numbers adjacent to parameter estimates in Tables 1-3. 12 Table 4 gives summary statistics of all roadway accident characteristic variables X t,n (except the intercept). The top, middle and bottom plots in Figure 1 show weekly posterior probabilities P (s t = 1|Y) of the less frequent state s t = 1 for the MSML models estimated for severity of 1-vehicle accidents occurring on interstate highways, US routes and state routes respectively. 13 Because of space limitations, in this paper we do not report estimation results for severity of 1-vehicle accidents on county roads and streets, and for severity of 2-vehicle accidents. However, below we discuss our findings for all roadway-class-accident-type combinations. For unreported model estimation results see Malyshkina (2008) .
We find that in all cases when the two states and Markov switching multinomial logit (MSML) models exist, these models are strongly favored by the empirical data over the corresponding standard multinomial logit (ML) models. Indeed, from lines "marginal LL" in Tables 1-3 we see that the MSML models provide considerable, ranging from 40.5 to 61.4, improvements of the logarithm of the marginal likelihood of the data as compared to the corresponding ML models.
14 Thus, from Eq. (6) we find that, given the accident severity data, the posterior probabilities of the MSML models are larger than the probabilities of the corresponding ML models by factors ranging from e 40.5 to e 61.4 . In the cases of 1-vehicle accidents on county roads, streets and the case of 2-vehicle accidents on streets, MSML models (not reported here) are also strongly favored by the empirical data over the corresponding ML models (Malyshkina, 2008) .
Let us now consider the maximum likelihood estimation (MLE) of the standard ML models and an imaginary MLE estimation of the MSML models. We find that, in this imaginary case, a classical statistics approach for model comparison, based on the MLE, would also favors the MSML models over the standard ML models. For example, refer to line "max(LL)" in Table 1 given for the case of 1-vehicle accidents on interstate highways. The MLE gave the maximum log-likelihood value −8465.79 for the standard ML model. The maximum log-likelihood value observed during our MCMC simulations for the MSML model is equal to −8358.97. An imaginary MLE, at its convergence, would give a MSML log-likelihood value that would be even larger than this observed value. Therefore, if estimated by the MLE, the MSML model would provide large, at least 106.82 improvement in the maximum log-likelihood value over the corresponding ML model. This improvement would come with only modest increase in the number of free continuous model parameters (β-s) that enter the likelihood function (refer to Table 1 under "# free par.").
13 Note that these posterior probabilities are equal to the posterior expectations of s t , P (s t = 1|Y) = 1 × P (s t = 1|Y) + 0 × P (s t = 0|Y) = E(s t |Y). 14 We use the harmonic mean formula to calculate the values and the 95% confidence intervals of the log-marginal-likelihoods given in lines "marginal LL" of Tables 1-3. The confidence intervals are calculated by bootstrap simulations. For details, see Paper I or Malyshkina (2008) . Similar arguments hold for comparison of MSML and ML models estimated for other roadway-class-accident-type combinations (see Tables 2 and 3 ).
To evaluate the goodness-of-fit for a model, we use the posterior (or MLE) estimates of all continuous model parameters (β-s, α, p 0→1 , p 1→0 ) and generate 10 4 artificial data sets under the hypothesis that the model is true. 15 We find the distribution of χ 2 and calculate the goodness-of-fit p-value for the observed value of χ 2 . For details, see Malyshkina (2008) . The resulting p-values for our models are given in Tables 1-3 . These p-values are around 00-100%. Therefore, all models fit the data well. Now, refer to Table 5 . The first six rows of this table list time-correlation coefficients between posterior probabilities P (s t = 1|Y) for the six MSML models that exist and are estimated for six roadway-class-accident-type combinations (1-vehicle accidents on interstate highways, US routes, state routes, county roads, streets, and 2-vehicle accidents on streets).
16 We see that the states for 1-vehicle accidents on all high-speed roads (interstate highways, US routes, state routes and county roads) are correlated with each other. The values of the corresponding correlation coefficients are positive and range from 0.263 to 0.688 (see Table 5 ). This result suggests an existence of common (unobservable) factors that can cause switching between states of roadway safety for 1-vehicle accidents on all high-speed roads.
The remaining rows of Table 5 show correlation coefficients between posterior probabilities P (s t = 1|Y) and weather-condition variables. These correlations were found by using daily and hourly historical weather data in Indiana, available at the Indiana State Climate Office at Purdue University (www.agry.purdue.edu/climate). For these correlations, the precipitation and snowfall amounts are daily amounts in inches averaged over the week and across Indiana weather observation stations.
17 The temperature variable is the mean daily air temperature ( o F ) averaged over the week and across the weather stations. The wind gust variable is the maximal instantaneous wind speed (mph) measured during the 10-minute period just prior to the observational time. Wind gusts are measured every hour and averaged over the week and across the weather stations. The effect of fog/frost is captured by a dummy variable that is equal to one if and only if the difference between air and dewpoint temperatures does not exceed 5 o F (in this case frost can form if the dewpoint is below the freezing point 32 o F , and fog can form otherwise). The fog/frost dummies are calculated for every hour and are averaged over the week and across the weather stations. Finally, visibility distance variable is the harmonic mean of hourly visibility distances, which are measured in miles every hour and are averaged over the week and across the weather stations.
18
From the results given in Table 5 we find that for 1-vehicle accidents on all high-speed roads (interstate highways, US routes, state routes and county roads), the less frequent state s t = 1 is positively correlated with extreme temperatures (low during winter and high during summer), rain precipitations and snowfalls, strong wind gusts, fogs and frosts, low visibility distances. It 16 Here and below we calculate weighted correlation coefficients. For variable P (s t = 1|Y) ≡ E(s t |Y) we use weights w t inversely proportional to the posterior standard deviations of s t . That is w t ∝ min {1/std(s t |Y), median[1/std(s t |Y)]}. 17 Snowfall and precipitation amounts are weakly related with each other because snow density (g/cm 3 ) can vary by more than a factor of ten. 18 The harmonic meand of distances d n is calculated asd −1 = (1/N )
is reasonable to expect that roadway safety is different during bad weather as compared to better weather, resulting in the two-state nature of roadway safety.
The results of Table 5 suggest that Markov switching for road safety on streets is very different from switching on all other roadway classes. In particular, the states of roadway safety on streets exhibit low correlation with states on other roads. In addition, only streets exhibit Markov switching in the case of 2-vehicle accidents. Finally, states of roadway safety on streets show little correlation with weather conditions. A possible explanation of these differences is that streets are mostly located in urban areas and they have traffic moving at speeds lower that those on other roads.
Next, we consider the estimation results for the stationary unconditional probabilitiesp 0 andp 1 of states s t = 0 and s t = 1 for MSML models (see Section 2). In the cases of 1-vehicle accidents on interstate highways, US routes and state routes these transition probabilities are listed in lines "p 0 andp 1 " of Tables 1-3. In the cases of 1-vehicle accidents on county roads and 1-and 2-vehicle accidents on streets refer to Malyshkina (2008) . We find that the ratiop 1 /p 0 is approximately equal to 0. 46, 0.13, 0.74, 0.25, 0.65 and 0.36 in the cases of 1-vehicle accidents on interstate highways, US routes, state routes, county roads, streets, and 2-vehicle accidents on streets respectively. Thus for some roadway-class-accident-type combinations (for example, 1-vehicle accidents on US routes) the less frequent state s t = 1 is quite rare, while for other combinations (for example, 1-vehicle accidents on state routes) state s t = 1 is only slightly less frequent than state s t = 0.
Finally, we set model parameters (β-s) to their posterior means, calculate the probabilities of fatality and injury outcomes by using Eq. (3) and average these probabilities over all values of the explanatory variables X t,n observed in the data sample. We compare these probabilities across the two states of roadway safety, s t = 0 and s t = 1, for MSML models [refer to lines " P (i) t,n X " in Tables 1-3 and to Malyshkina (2008) ]. We find that in many cases these averaged probabilities of fatality and injury outcomes do not differ very significantly across the two states of roadway safety (the only significant differences are for fatality probabilities in the cases of 1-vehicle accidents on US routes, county roads and streets). This means that in many cases states s t = 0 and s t = 1 are approximately equally dangerous as far as accident severity is concerned. We discuss this result in the next section.
Conclusions
In this study we found that two states of roadway safety and Markov switching multinomial logit (MSML) models exist for severity of 1-vehicle accidents occurring on high-speed roads (interstate highways, US routes, state routes, county roads), but not for 2-vehicle accidents on high-speed roads. One of possible explanations of this result is that 1-and 2-vehicle accidents may differ in their nature. For example, on one hand, severity of 1-vehicle accidents may frequently be determined by driver-related factors (speeding, falling a sleep, driving under the influence, etc). Drivers' behavior might exhibit a two-state pattern. In particular, drivers might be overconfident and/or have difficulties in adjustments to bad weather conditions. On the other hand, severity of a 2-vehicle accident might crucially depend on the actual physics involved in the collision between the two cars (for example, head-on and side impacts are more dangerous than rear-end collisions). As far as slow-speed streets are concerned, in this case both 1-and 2-vehicle accidents exhibit two-state nature for their severity. Further studies are needed to understand these results. In this study, the important result is that in all cases when two states of roadway safety exist, the two-state MSML models provide much superior statistical fit for accident severity outcomes as compared to the standard ML models.
We found that in many cases states s t = 0 and s t = 1 are approximately equally dangerous as far as accident severity is concerned. This result holds despite the fact that state s t = 1 is correlated with adverse weather conditions. A likely and simple explanation of this finding is that during bad weather both number of serious accidents (fatalities and injuries) and number of minor accidents (PDOs) increase, so that their relative fraction stays approximately steady. In addition, most drivers are rational and they are likely take some precautions while driving during bad weather. From the results presented in Paper I we know that the total number of accidents significantly increases during adverse weather conditions. Thus, driver's precautions are probably not sufficient to avoid increases in accident rates during bad weather. 
